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ABSTRACT I 

I n  atmospheric experimentat ion t h r e e  ground-based d e t e c t o r s  s u f f i c e  
f o r  determining wind vec to r s  that could be p re sen t  i n  a c e r t a i n  space 
volume. While t h i s  i s  t r u e  i n  gene ra l ,  the  geometry s i m p l i f i e s  a g r e a t  
d e a l ,  when these  vec to r s  can be taken as ho r i zon ta l .  Since t o  do s o  w i l l  
o f t e n  be warranted,  the p e r t i n e n t  method f o r  a proper arrangement of 
d e t e c t o r  p o s i t i o n s  and a t t i t u d e s  has been developed i n  d e t a i l .  With a 
s u i t a b l e  layout  winds reasonably constant  near  a s e l e c t e d  he igh t ,  i f  
blowing i n t o  and ou t  of a q u a r t e r  of the  r o s e ,  can be ca l cu la t ed  wi th  
s u f f i c i e n t  accuracy and confidence.  The e r r o r  a n a l y s i s  assumes t h a t  
the  obse rva t iona l  time unce r t a in ty  is a t  most 2 0 . 1  sec .  

To observe wind vec to r s  i n  the remaining d i r e c t i o n s ,  or  a t  seve ra l  
h e i g h t s  s imultaneously,  t he  use of more d e t e c t o r s  (or  of the a v a i l a b l e  
m u l t i p l e  d e t e c t o r s )  is  c a l l e d  f o r .  This i s  s u b j e c t  mat te r  f o r  f u t u r e  
i n v e s t i g a t i o n ,  as i s  the more i n t r i c a t e  problem posed by non-horizontal  
winds. 

NASA - GEORGE C .  MARSHALL SPACE FLIGHT CENTER 
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WIND VECTOR CALCULATION USING CROSSED-BEAM DATA 

AND DETECTOR ARRANGEMENT FOR MEASURING HORIZONTAL WINDS 

SUMMARY 

The r e p o r t ' s  f i r s t  p a r t  ( sec t ions  I through V) conta ins  the  geo- 
me t r i c  foundat ion and subsequent development of a genera l  method f o r  
measuring atmospheric winds by exp lo i t i ng  the  ideas of crossed-beam 
experimentat ion.  It shows t h a t  (and how) wi th  th ree  single-beam 
d e t e c t o r s  a t  ground l e v e l  one should be a b l e  t o  monitor a v a r i e t y  of 
unknown winds that could be blowing wi th in  a l imi ted  space volume, pro- 
v i d e d  any such wind, once p resen t ,  remains s u f f i c i e n t l y  s t a b l e  dur ing  
observa t ion .  

A second p a r t  ( s ec t ions  V I  through VIII) a p p l i e s  -- and f u r t h e r  
develops -- t he  method i n  the p r a c t i c a l l y  meaningful and geometr ica l ly  
l e a s t  complex case  where the  winds can be  taken as h o r i z o n t a l .  A c r i -  
t e r i o n  f o r  t h i s  t o  be j u s t i f i a b l e  i s  given.  Flow condi t ions ,  wind 
i d e n t i f i c a t i o n ,  e r r o r  a n a l y s i s ,  and the d e s i r e  t o  keep the  d e t e c t o r  
arrangement compact impose a number of r e s t r a i n t s  t h a t  a r e  r e f l e c t e d  i n  
the  experimental  l ayou t  f i n a l l y  suggested.  These r e s t r a i n t s  are more 
a c u t e l y  f e l t  the  h igher  up one proposes t o  measure. Equations f o r  
a c t u a l l y  computing the  two v e l o c i t y  components a r e  suppl ied .  

A concluding s e c t i o n  d e l i n e a t e s  problems y e t  t o  be solved.  

I. INTRODUCTION 

A s  i t  i s  we l l  known, wind determinat ion by crossed beams p resen t s  
a number of problems. By way of examples we may l i s t :  record eva lua t ion  
complicat ions through long observat ion times and non-s ta t ionary  s t a t i s t i c s ,  
i n t e r a c t i n g  i n t e n s i t y  f l u c t u a t i o n s  through the  s c a t t e r i n g  of l i g h t  from 
d i f f e r e n t  sources  (sky and sun) ,  the  d i s t u r b i n g  inf luence  of cumuli and 
o t h e r  c louds ,  unwanted f e a t u r e s  i n  absorp t ion  physics .  Most of them a r e  
o r  have been under vigorous a t t a c k  elsewhere. 

The r e p o r t  on hand is  concerned w i t h  the  s p e c i f i c  d i f f i c u l t i e s  
encountered when the  n e t  r e s u l t s  of the expe r i zen ta t ion  prsper ,  i.p., 

t he  c h a r a c t e r i s t i c  de lay  t imes,  a r e  to be used f o r  c a l c u l a t i n g  the  winds 
they  a r e  a s soc ia t ed  with.  



To achieve t h i s  end, resources  of s p a t i a l  geometry a r e  assembled i n  
a prepara tory  s e c t i o n .  S t i l l  t h e r e  a r e  q u i t e  a few problems l e f t  t h a t  
m u s t  b e  overcome. I n  the f i r s t  p lace ,  covariance peaks a t  c h a r a c t e r i s t i c  
times w i l l  be  r e g i s t e r e d  whenever eddy t r a i n s  t r a v e l  on pa ths  t h a t  happen 
t o  connect beams; one m u s t  s o r t  ou t  those t h a t  belong t o  one and the  
same wind. In  the  second, one should be a b l e  t o  say  i n  what space reg ion  
t h e  l a t t e r  was blowing. Thi rd ly ,  one cannot be s a t i s f i e d  t o  d e t e c t  j u s t  
t h i s  one wind on the chance it might be p re sen t ,  bu t  wishes t o  monitor 
an  a r r a y ,  as l a rge  as poss ib l e ,  of unknown wind vec to r s  near  a prede ter -  
mined loca t ion .  Fourth,  observa t iona l  e r r o r  margins m u s t  be prevented 
from g e t t i n g  blown up t o  unacceptable dimensions. For t h i s  reason  t r a v e l  
paths  too  s h o r t  cannot be admit ted.  Too long ones a r e  p roh ib i t ed  l e s t  
eddies  lose i d e n t i t y .  F i n a l l y ,  one would no t  l i k e ,  on p r a c t i c a l  grounds,  
t o  have t o  p l ace  the d e t e c t o r s  too  f a r  apart .  

These warnings and requirements were heeded i n  working ou t  the  body 
of the paper. A r a t h e r  d e f i n i t e  s e t  of d e t e c t o r  s p e c i f i c a t i o n s  f o r  
observing ho r i zon ta l  winds i s  the  outcome t h a t  leaves t o  f r e e  choice bu t  
two parameters ou t  of ten .  

11. GEOMETRIC PRELIMINARIES 

Geometric a n a l y s i s  provides a number of r e s u l t s  u se fu l  f o r  the 
argument to fol low and f o r  the  r e a l i z a t i o n  i n  genera l  of s p a t i a l  r e l a -  
t i onsh ips  a s soc ia t ed  wi th  the crossed-beam method. 

The two s t r a i g h t  l i n e s ,  a and b ,  e s t a b l i s h e d  by the  po in t s  P,, P, 
and the d i r e c t i o n  vectors'", 

~ ~~ ~ 

Yr 
Vectors are  designated by underl ined symbols; e . g . ,  i, 1, k a r e  the  
u n i t  vec tors  i n  a x i s  d i r e c t i o n s .  
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have th'e equat ions 

Y 2  - Y 1  2.2 - 21 
a2 a3 

82 83 

With a view t o  l a t e r  a p p l i c a t i o n  i t  is assumed t h a t  they do not  i n t e r s e c t ,  

P 0. 

i . e . ,  t h a t  

nab = 

x2 - x1 
a1 

81 

This excludes p a r a l l e l i s m  as wel l .  Never the less ,  the  l i n e s  do d e f i n e  two 
para l l e l  planes i n  which they are contained. The d i r e c t i o n  of t h a t  p a i r ' s  
common normal is g iven  by the  u n i t  vec tor  ( c a l l e d  the "binormal" d i r e c t i o n  
here*) 

wab be ing  the  ang le  made by the  vec to r s  _a and g w h e n  crossed:  

cos w = a l p 1  + a282 + a383. ab 

In t roduce  now a f u r t h e r  d i r e c t i o n  

-.- 
d. 

This agrees  wi th  the usage of t he  word i n  the  theory of s p a t i a l  curves ,  
provided that the two planes are  in t e rp re t ed  as the  l i n e s '  t angen t i a l  
p l anes .  

3 



n o t  para l le l  t o  those planes:  

(W8) = 
ml m 2  m 3  

a, a2 a3 # 0. 

81 82 83 

The s p e c i a l  case where m, = ev iden t ly  i s  not  excluded. 

Then t h e r e  e x i s t  two -- and only two -- p o i n t s ,  P: and P z ,  on the  
__$ 

l i n e s  a and b such t h a t  P': P$ i s  p a r a l l e l  t o  41. 
d i r e c t i o n s  m, only those a r e  admit ted as a r e  capable of connecting a wi th  
b i n  t h a t  o rder  (excluding a l l  t he  r eve r se  o r i e n t a t i o n s ) .  The p o s i t i o n  
v e c t o r s ,  3 and 2, of P': and Pz a r e  given* by 

C lea r ly ,  among the  

where r l  and r2 def ine  P, and P,. 

mat ica l ly"  t h a t  the choice of these  two po in t s  on a and b cannot a f f e c t  

It is c l e a r  and can be shown mathe- - - 
the  vec tors  r t  and rz. I f  the l eng th  PT P$ i s  denoted by R:b we may w r i t e  - - - 

P, P 
'k * >k * 9c 

= r2  - r l  = Rab m,. z - -  - 
Figure  1 i l l u s t r a t e s  t h i s  formula. 

9< 
See: 
Arrangement," IN-AERO-7-67, October 12 ,  1967. 

Heybey, W. H . ,  "On the  Wind Component Measurable by Crossed-Beam 

, 
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Figure  1. The vec tors  r:, rz, and - -  

The p r o j e c t i o n  onto the  binormal of any s t r a i g h t  segment connecting 
a and b is  equal  t o  the  binormal d i s t ance ,  6, i t s e l f .  This i s  r e a d i l y  
recognized by f i g u r e  2,  which depic t s  the  s imples t  geometric arrangement 
p o s s i b l e  wi thout  l o s s  of gene ra l i t y .  O f  the  two p a r a l l e l  planes e s t ab -  
l i s h e d  by the  l i n e s  a and b one i s  taken as the  (z ,x)-plane and the 
o t h e r  as p a r a l l e l  t o  i t .  The y-axis i s  def ined by the  binormal. The 
p r o j e c t i n g  l i n e s  through the  points  PI or P’; on the  one hand, and through 
P2 o r  Pz on the  o t h e r  are the l i n e s  a and b themselves, as they are normal 
t o  t h e  binormal. 

J - 9 c  Since thus the  p ro jec t ions  of Pi P, and P, P, a r e  equal:  

5 
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X / 

/ 

/ 
( 
7 

Figure 2 .  General two-beam geometry. 

we f i n d  t h a t  

o r  that 

Aab * = -  
Rab (mag)’ 

/ 

/ 
/ 

/’ 3 Y 

1 
s i n  w 9 

ab 
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. 
I 

Y 

0 8 0  

a1 0 a3 

81 0 83 

This i s  the  s h o r t e s t  express ion  f o r  the  d i s t a n c e  PT pz. 
q u o t i e n t  a t  r i g h t  is  always p o s i t i v e  can be v e r i f i e d  i n  a convenient 
manner i f  (as one is  permit ted t o  do) t he  de f in ing  po in t s  Pl,P2 are 
rep laced  by the  binormal te rmina ls  A ,  B wi th  coord ina tes  

That the  

= 6 

x2 = 0, y2 = 6 > 0, 22 = 0. 

and 

(map) 3 

33 a, 

83 81 
Y 

J- 

Because the v e c t o r  m, po in t s  from P; t o  P;, i t s  y-component i s  pos i t i ve :  
m2 > 0. It follows that 

111. TWO-BEAM EXPERIMENTATION 

Broadly speaking,  wind determinat ion by crossed beams assumes t h a t  
t h e  bulk  speed of eddy propagation can be taken as a s u f f i c i e n t l y  c lose  
approximation t o  the main wind speed. I n  the  s imples t  atmospheric 
exper imenta t ion  two d e t e c t o r s  receive n a t u r a l  l i g h t  ou t  of a conica l  
volume extending from t h e i r  ob jec t ives  t o  g r e a t  d i s t a n c e s .  
p r e s e n t  purpose these  "beams" a r e  replaced by the  axes of the cones. 

For the  

7 



Likewise, t u rbu len t  eddies  w i l l  be idea l i zed  t o  have i n f i n i t e s i m a l  s i z e .  
The t ime, T&, a n  eddy needs t o  cover the  d i s t a n c e  between two po in t s  
PT and P$ is determined experimental ly .  
p a r t i c u l a r  de lay  time t h a t  produces maximum covariance between the  in t ens -  
i t y  curves obtained from the  two beams, and i s  p o s i t i v e  o r  nega t ive  depend- 
ing on whether, i n  order  t o  l o c a t e  the maximum, the  b-record has t o  be 
delayed r e l a t i v e  t o  the  a - record  o r  v i c e  ve r sa .  I f  i t  i s  nega t ive ,  the  
v e l o c i t y  

It is  assumed as equal  t o  t h a t  

goes from PE t o  Pz, i . e ,  it is  i n  the r e v e r s e  d i r e c t i o n  of m,. 

Wind v a r i a t i o n s  pending observa t ion  are t o  be reckoned wi th .  Fluc- 
t ua t ions  in  s t r e n g t h  tend t o  b l u r  the  covariance maximum, b u t  would not  
b l o t  i t  o u t  completely except  pe rhaps  when excess ive  o r  u n i d i r e c t i o n a l .  
Var i a t ion  of d i r e c t i o n  appears  more s e r i o u s .  
(or PZ) over a per iod of time may o f t e n  m i s s  the  second beam;k; those t h a t  
do a r r i v e  a t  i t  may no t  be numerous enough f o r  a c l e a r  d e f i n i t i o n  of the  
maximum. Although the  beams a and b a r e  immersed i n  a three-dimensional  
wind f i e l d ,  the d i r e c t i o n s  of the  motion could be inappropr i a t e  a t  every 
po in t  of the a- (or  b- )  beam, meaning t h a t  no s i n g l e  eddy pa th  w i l l  c ross  
the  second beam; compare Figure 3 (where however two connecting paths  

The eddies  leav ing  P'i 

a r e  ind ica t ed ) .  A t  any r a t e ,  the number of covariance maxima w i l l  be  

A 
Figure 3 .  Curved eddy "sheet" ABCD downstream from beam a .  

7 k I n  physical  r e a l i t y  t h i s  danger aba te s  somewhat because of t h e  f i n i t e  

8 
beam width and f i n i t e  eddy s i z e .  



l imi t ed  and may even be zero,  f o r  ins tance ,  i f  the  wind is blowing i n  
a d i r e c t i o n  normal t o  the  beams' binormal. This observa t ion  is  a f i r s t  
i n d i c a t i o n  t h a t  more than j u s t  t w o  de t ec to r s  w i l l  be  needed f o r  meas- 
u r  ing winds . 

Counting on the  f i n i t e  beam width and eddy s i z e ,  we i n f e r  from 
Figure  3 that i t  w i l l  b e  advantageous t o  have the  beams pass each o the r  
a t  a r e l a t i v e l y  c lose  d is tance"  to  insure  eddy i n t e r c e p t i o n  and an  
approximate wind vec to r  f ind ing .  However, d i r e c t  i n t e r s e c t i o n  would 
cause maximum c o r r e l a t i o n  a t  the  common p o i n t ,  i r r e s p e c t i v e  of wind 
d i r e c t i o n  (which thus remains unknown) and leaving  us wi th  a n  inde te r -  
minate  express ion  f o r  the  wind s t r e n g t h ,  V, the  d i s t a n c e  zero  being 
covered i n  zero time."" A f i n i t e  binormal d i s t a n c e  is  requi red  which 
moreover ought no t  t o  be chosen too  small  i n  order  t o  escape s h o r t  
t r a v e l s  w i th  consequent l a r g e  e f f e c t s  of observa t iona l  inaccurac ies .  
On the o the r  hand, i t  m u s t  no t  be allowed t o  be too l a r g e  e i t h e r ,  l e s t  
eddy change o r  decay on the  longer  paths i m p a i r  or  des t roy  the  needed 
c o r r e l a t i o n .  

.L& 

I n  an i d e a l  atmosphere (considered f i r s t )  the  wind i s  cons tan t  
w i t h i n  s i g h t ,  i t s  d i r e c t i o n  being given by the u n i t  vec to r  

I f  we knew i t ,  we should put  

and, by the  system (3) could uniquely determine the  p o s i t i o n  vec to r s  
r l  and rz ( the  double s i g n  cance l s ) .  The -1, covariance curve would 
e x h i b i t ?  s i n g l e  maximum a t  the  time, ' tib, 
from Pi: t o  P: (or  converse ly) .  

-1, 

needed f o r  an  eddy t o  move 
The s t r e n g t h  of the  wind would emerge as 

ik 
A l a t e r  reasoning w i l l  throw support  t o  beam nearness  from q u i t e  a 
d i f f e r e n t  angle .  

-I-.** ,. I. 
I f ,  i n  a rare in s t ance ,  the wind vec tor  happened t o  be p a r a l l e l  t o  
t h e  p l ane  of the i n t e r s e c t i n g  beams, the  s i t u a t i o n  would be q u i t e  
as confused. 

9 



This r e s u l t  a p p l i e s  i n  wind tunnel  experimentat ion when the  convect ive 
motion can be taken as paral le l  t o  the tunnel  a x i s .  I n  the  atmosphere a 
reasonable surmise regarding 1 w i l l  not  i n  genera l  be a t  hand. However, 
the  component of t he  wind vec to r  

J 

i n  d i r e c t i o n  of the binormal i s  s t i l l  ob ta inab le .  With the a i d  of 
expressions (5), (7), ( 4 ) ,  and (2) 

aab fl aab (vaB) 1 
=I 

Rzb 
= ? - (1 ") = + 7 (+ vag) T : ~  (vag) s i n  uab 'n ':b ab  

o r  

1 - vn - sin 
ab ab 

Every t e rm 'a t  r i g h t  is  known here .  

On the 
express  ions 

- =  
T9r 
ab 

o ther  handywri t ing  Vn = 1 . 2 d i r e c t l y  i n  terms of the  
(8) and (2),we a r r i v e  a t  the  important  r e l a t i o n  

v2 + 

which is  b a s i c  f o r  what fo l lows .  

I V .  PRINCIPLES OF WIND VECTOR DETERMINATION - 
THREE-BEAM GEOMETRY 

It w i l l  aga in  be assumed i n  t h i s  s e c t i o n  t h a t  t he  wind v e c t o r  i s  
cons t an t  throughout the observed atmosphere.  

Le t  u s  introduce a t h i r d  (c-)  beam i d e n t i f i e d  by a p o i n t  P 3  and the  
u n i t  d i r e c t i o n  vec to r  

10 



. 

x3 - x2 Y 3  - Y 2  z 3  - 2 2  

Y 3  

E 3 1  E32 

Y 1  Y 2  

It m u s t  no t  i n t e r s e c t  w i th  the f i r s t  two beams, s o  t h a t  the condi t ions  
L apply 

81 

Y1 

- 
nbc - 

81 
v2 + 

Y 1  

A =  ca 

x 1 -  x3  Y 1 -  Y 3  = 1 -  2 3  

Y 3  Y 1  Y 2  

a1 a2 a3 

Cor re l a t ion  of the b- and c-records and of the c- and a- records  w i l l  
r e s u l t  i n  two covariance maxima a t  z = ~t~ and T = T“‘ r e spec t ive ly .  

For the unknown components V1, V2, V,, t h r ee  l i n e a r  equat ion  can 

cay 

than be  s e t  up according t o  p a t t e r n  (10): 

4 D C  

“i; C 

L.2 -1- = 

aca L 3  E T =  

ca 

which a r e  solved 

a2 a3 

82 83 
v 1 +  

82 83 

Y 2  Y 3  
Vl + 

23 a, 

83 81 
v2 + 

a1 

81 

B3 

Y 3  

t o  g ive  



The determinant  

(aPy> = 

I 

a, a2 a3 

81 82 83 

Yl Y 2  Y 3  

must no t  be zero.  
para l le l  t o  the plane of the  o t h e r  two i f  crossed.  
p a r a l l e l i s m  of any beam p a i r  (e .g . ,  ai - pi, i = 1 , 2 , 3 )  i s  excluded; 
i t  would cause the determinant  t o  vanish .  

None of the  beam d i r e c t i o n s  a, &, z i s  allowed t o  be 
I n  p a r t i c u l a r ,  

- 

By the system (13) th ree  beams s u f f i c e  t o  measure winds; however, 
I f ,  e . g . ,  1 happened t o  be p a r a l l e l  t o  t he  no t  a l l  conceivable winds. 

p a i r  of parallel  planes e s t a b l i s h e d  by two beams, one of the  r i g h t  s i d e s  
i n  equations (12) would be i d e n t i c a l l y  ze ro  and thus remove the  equat ion  
from t h e  system. If 1 were p a r a l l e l  t o  one s i n g l e  beam, two equat ions 
would become meaningless f o r  the  same reason.  Such v e l o c i t i e s  t he re -  
f o r e  cannot be observed by the l i n e a l  beams as used. Although one can 
show t h a t  more than j u s t  the  above few d i r e c t i o n s  a r e  no t  a c c e s s i b l e  
through a s e t  of t h r e e  ( s ing le  beam) d e t e c t o r s  a lone ,  such a s e t  i s  
being drawn on throughout the  r e p o r t  as paradigmatic  and b a s i c .  

After  so lv ing  f o r  VI ,  V,, V3 the  po in t s  PT, P: and the correspond- 
ing p a i r s  P;, P$ (on b and c ) ,  P;, P z  (on c and a )  can be determined 
(Figure 4 ) .  In  doing s o ,  one i s  led  t o  u s e  the  u n i t  vec to r  

a I\ 
I- \ 

' I  
Figure 4 .  The s i x  p o i n t s  P'; ... Pz, 

1 2  



and f i n d s  t h a t  

v s  + V d  + V& 
v =  - 

2/v; + v; + v$ 

I v 1  v2 v3 I 

x3 - x2 Y3 - Y2 23 - 22 
81 82 83 

Y - 
-L r; = r3 + - 

(V BY) - -  
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Note that 
cance ls .  

a1 a2 a3 

B 1  82 83 

one may w r i t e  V i  f o r  v i ,  s i n c e  the  common f a c t o r  dV', + V$ + V z  

Like these  p o s i t i o n  vec to r s  the lengths  of the  t r a v e l  paths  a r e  
needed f o r  l a t e r  a p p l i c a t i o n ;  they can be w r i t t e n  down according t o  
expression ( 4 )  where, s i n c e  m, = rf: -3  v abso lu te  marks w i l l  be added: 

x3 - x2 Y 3  - Y 2  z 3  - 22 
81 82 83 

Y1 Y2 Y3 

81 82 83 

Y 1  Y 2  Y3 
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It is  of some i n t e r e s t  t o  a l s o  consider the p o i n t  p a i r s  P'i, P z  
on beam a ,  P;, P$ on b ,  Pz,  P: on c (Figure 4 ) .  
rz - r.; e t c .  appear i n  a mathematically compact form i f  the  v e l o c i t y  
components i n  expressions (15) are replaced by the  s o l u t i o n s  ( 1 3 ) .  One 
then a r r i v e s  a t  

Their  d i s t a n c e s  
-7- - 

Ll z 
(WY) C J .  

YC Jc r4  - r5 = - - -  

By condi t ions  (1) and (ll),  none of the Li def ined i n  the  system (12) 
are  ever  zero.  I f ,  however, a measurement shows t h a t  (5 = 0,  a l l  th ree  
d i s t a n c e s  must have been zero ,  meaning that the  two po in t s  on each beam 
co inc ide  (Figure 4 ) .  An easy reasoning leads  t o  the  conclusion t h a t  i n  
such a case a s t r a igh t :  l i n e  p a r a l l e l  t o  wind d i r e c t i o n  e x i s t s  conta in ing  
t h e  th ree .doub le  po in t s  i n  one r o w  and thus connecting a l l  t h r e e  of t he  
beam t r a c t s .  Obviously, two of t he  zik w i l l  have the  same s ign .  Evalua- 
t i o n  o f  t he  records  must have ind ica ted ,  s ay ,  maxima a t  p o s i t i v e  de lay  
t imes f o r  the (a ,b) -  and (b,c)-covariances,  and a maximum a t  a ( f i t t i n g )  
nega t ive  de lay  t i m e  f o r  the  (c ,a)-covariance.  

V. LOCALLY VARYING WINDS 

We now t u r n  t o  a n  atmosphere i n  which the  wind vec to r  is allowed t o  
v a r y  w i t h  l o c a t i o n  b u t  n o t  w i th  t i m e ,  or only i n s i g n i f i c a n t l y  so. 
(Remarks t o  the  l a t t e r  p o i n t  have been made i n  s e c t i o n  111.) I n  o the r  
words, f o r  the du ra t ion  of the  observat ion the wind motion i s  supposed 
t o  be reasonably s t eady  i n  the  aerodynamic sense of t he  word. 

With varying winds a p e c u l i a r  d i f f i c u l t y  a r i s e s  i n  t h a t  the  
observed covariance peaks may have been caused by d i f f e r e n t  winds 
blowing i n  d i f f e r e n t  reg ions  of the atmosphere. The system (12) m u s t  
no t  be solved i n  these  circumstances,  s i n c e  the  times T:b, zbc, zEa 
might be a s soc ia t ed  wi th  t h r e e  d i f f e r e n t  eddy motions,  2' from a t o  b ,  
- v" from b t o  c,  from c t o  a.  
independent equat ions .  

J- 

The system would break  up i n t o  m u t u a l l y  
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To escape decept ion  as f a r  as poss ib l e  one should keep the  beams 
running c lose  toge the r  i n  a narrow space reg ion  one wishes t o  explore .  
The wind can then be taken as cons tan t  t h e r e ,  and the  formulism of the  
preceding s e c t i o n  a p p l i e s .  Furthermore, t he  beams should be guided so 
as t o  enable a l a r g e  number of unknown eddy t r a i n s  t o  connect a l l  t h r e e  
w i t h i n  that reg ion .  This fu rn i shes  us  wi th  an  equa l ly  l a r g e  number of 
meaningful t r a v e l  t i m e  t r i a d s .  I f  one of them is a c t u a l l y  observed, the  
a c t u a l  presence of the p e r t a i n i n g  wind i n  the reg ion  i s  s t r o n g l y  ind ica t ed .  
To be sure ,  t he re  might be connecting pa ths  ou t s ide  i t ,  a s s o c i a t e d  w i t h  
eddy courses i n  more o r  l e s s  d i s t a n t  reg ions .  B u t  t he re  w i l l  be few of 
them (Figure 3 ) ,  and the re  i s  a s l i m  chance only t h a t  the  corresponding 
t r iads  w i l l  f a l l  w i t h i n  the  compass of those e s t ab l i shed  as meaningful , 
l ead ing  to the  acceptance of a spur ious  wind. For added confidence,  one 
may arrange f o r  a f o u r t h  beam t o  be s e n t  through the same narrow space 
volume; i f  the s o l u t i o n s  of the  four  systems (12)  t h a t  emerge wi th  the  
poss ib l e  three-beam combinations y i e l d ,  by and l a r g e ,  four  i d e n t i c a l  wind 
v e c t o r s ,  the  l i ke l ihood  of having observed a t r u e  wind can be s a i d  t o  
approach c e r t a i n t y .  

It i s  seen  t h a t  the  problem comes up  of f i nd ing  s e r v i c e a b l e  beam 
conf igura t ion  which can respond t o  a r e l a t i v e l y  l a r g e  v a r i e t y  of con- 
s t a n t  w i n d s  t h a t  may e x i s t  i n  a given small space volume. It w i l l  be  
d e a l t  with he re  under the  s impl i fy ing  assumption t h a t  the n a t u r a l  wind 
can be taken as h o r i z o n t a l .  For such winds , d i r e c t i o n  more than 
s t r e n g t h  turns  ou t  t o  be the q u a n t i t y  l i m i t i n g  the  scope of t rus twor thy  
measurement. A number of t r ia ls  has l ed  t o  the conclusion t h a t  t he  
azimuthal range should not  be taken l a r g e r  than go", o r ,  p o s i t i v e l y  
speaking,  t h a t  w i th  th ree  d e t e c t o r s  h o r i z o n t a l  winds blowing i n t o  o r  
ou t  of a qua r t e r  of the r o s e  can be observed. This range could be 
s l i g h t l y  extended a t  the expense of mathematical  s i m p l i c i t y  (and p e r -  
haps physical  accuracy). To cover the  e n t i r e  r o s e  is  no t  f e a s i b l e .  One 
cannot connect t h ree  l i n e s  by h o r i z o n t a l  p a r a l l e l s  which, whatever 
d i r e c t i o n  they may have, a r e  always a t  about  t he  same he igh t .  

V I .  MEASURING HORIZONTAL WINDS 

With d e t e c t o r s  P l y  P2, P, a t  ground l e v e l  and beams po in t ing  u p w a r d ,  
z 1  = 2 2  = z 3  = 0,  and a3 > 0,  p3 > 0 ,  y 3  > 0. 
g r e a t e r  pe r sp icu i ty  we in t roduce  the  abbrev ia t ions  

For ease  of w r i t i n g  and 
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The determinants  

nab = a3B3 

(1) and 

x2  - x1 
a 1  

b l  

nca = Y 9 3  

(11) can then be w r i t t e n  as 

Y 2  - Y 1  

a 2  

b 2  

Y 3  - YE 

b 2  

c 2  

Y 1 -  Y 3  

c 2  

a2  

0 

E @3Y$2 

1 

= r3ag3 

The t h r e e  determinants  4 newly defined here  appear i n  the system (13) 
f o r  t he  Vi which goes i n t o  

I f ,  wi th  a given beam conf igura t ion  (ye t  t o  be developed) exper i -  
such t h a t  the r a t i o  menta t ion  y i e l d s  th ree  values  Yb,  JI T ; ~ ,  J- T* 

ca 

V, 
v3 = 

Jv., + v', + v; 

1 7  



t u rns  out t o  be very  small, the  s i m p l i f i c a t i o n  v3 = 0 seems warranted;  we 
a r e  dea l ing  wi th  a n  e s s e n t i a l l y  ho r i zon ta l  wind. 

On condi t ion  t h a t  V3 = 0 the  t h i r d  l i n e  of the  system (19) can be 
used t o  e l imina te ,  e .g . ,  the  r a t i o  A31T:b. V, and V, a r e  then g iven  by 

It w i l l  be noted here  t h a t  the determinant  

i s  d i f f e r e n t  from zero by e a r l i e r  hypotheses which exclude beam i n t e r -  
s e c t i o n  and pa ra l l e l i sm.  Equations (20), f o r  t he  moment considered as 
a l i n e a r  system f o r  l/T;b and 1/zgC, can t h e r e f o r e  be solved;  the  r a t i o  
of the t r a v e l  times emerges as 

where the  q u a n t i t y  

de f ines  the azimuthal ang le ,  cp, as counted from the p o s i t i v e  x-ax is .  
The d e r i v a t i v e  of Q wi th  r e spec t  t o  q shows that the  func t ion  Q(q)  is  
monotonic* f o r  a l l  q, that i s ,  forever  i n c r e a s i n g  o r  decreas ing ,  w i t h  

* 
It represents  a hyperbola wi th  a h o r i z o n t a l  and a v e r t i c a l  asymptote.  
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c2 - b 
an  i n f i n i t e  d i s c o n t i n u i t y  a t  q '  = '. This p a r t i c u l a r  va lue  of q 

c 1 -  b l  
i s  no t  permiss ib le  (zero  o r  i n f i n i t e  t r a v e l  times a r e  no t  admi t ted) ;  

n e i t h e r  is  the  va lue  q" = 

zero.  From phys ica l  n e c e s s i t y  a lone  then c e r t a i n  q-ranges around q'  
and q" are inaccess ib l e ;  h o r i z o n t a l  winds i n  c e r t a i n  cp-ranges cannot 
be observed wi th  a th ree -de tec to r  setup. 

- b' , a t  which the numerator of Q(q) is  
a 1  - a1  

One may ar range  beam d i r e c t i o n s  such t h a t  bo th  q' and q" a r e  nega t ive :  

By d e f i n i t i o n s  ( 1 7 ) ,  these  condi t ions impose r e s t r i c t i o n s  on the  d i r e c -  
t i o n  cos ines  ai, p i ,  y i .  

Is i t  then poss ib l e  t o  "catch" a t  l e a s t  a l l  winds wi th  p o s i t i v e  
va lues  of q (0  5 q 5 w ) ,  i . e . ,  w i th  azimuths i n  0 5 cp 5 g o " ,  
180" 5 cp 5 270°? I n  these  ranges the r a t i o  of t r a v e l  times w i l l  mono- 
t o n i c a l l y  vary  between the  va lues  

and 

These a e uniquely determined by the d e t e c t o r  pos i t i ons  and beam d i r e c -  
t i o n s .  I n  the  l a t t e r  course of t h e  i n v e s t i g a t i o n  the  q u a n t i t i e s  Qo and 
Q,, converse ly ,  w i l l  be prescr ibed  and then a i d  i n  shaping the  exper i -  
mental  conf igura t ion .  They c o n s t i t u t e  parameter combinations and have 
been introduced t o  l e s sen  the number of s i g n i f i c a n t  parameters.  

To answer the  above ques t ion  i t  i s  a t  f i r s t  necessary t o  dec ide  on 
the  l o c a t i o n  a t  which the measurement i s  t o  be made, e s p e c i a l l y  on the 
h e i g h t  i n t e r v a l  circumscribed by the p o s i t i o n s  of the po in t s  P;. 
h e i g h t s  of P:7 P:, Pz can be disregarded as equal t o  those of P;7 Pz, 

r e l a t i v e l y  simple expressions f o r  the z - c s ~ p o n e n t s :  

The 

pik 5, r e s p e c t i v e l y .  Since the  zi a r e  zero,  t he  system (15) y i e l d s  

. 
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I n  a rec tangular  (q , z")-sys tern the  curves z t ( q )  p re sen t  themselves as 
hyperbolas wi th  asymptotes p a r a l l e l  t o  the  system axes (provided that 
the  f ac to r s  of q i n  the denominators are no t  zero) .  They favor  our  
purpose i n  t h a t  they o f f e r  wide q-ranges i n  which the z*-values a r e  
nea r ly  constant .  Winds blowing a t  ( p r a c t i c a l l y )  the  same l e v e l  from a 
r a t h e r  large compass of d i r e c t i o n s  have thus a chance t o  be de t ec t ed .  
This dec i s ive  advantage is  l o s t  w i th  the  s t r a i g h t  l i n e s  t h a t  would 
appear i f  the  q - c o e f f i c i e n t s  i n  the denominators were s e t  zero ;  t h i s  
would a l s o  e n t a i l  t h a t  (a f3y)  = O.* 
f u r  ther  cond i t  ions 

Let  u s  ag ree  then t o  impose the  

on the beams' d i r e c t i o n  cos ines .  

While i t  is  t r u e  t h a t  

these  d i s c o n t i n u i t i e s ,  corresponding t o  the  v e r t i c a l  asymptot ic  l i n e s  
q = q" and q = q ' ,  a r e  placed ou t s ide  t h e  i n t e r v a l  t o  be i n v e s t i g a t e d  
(0 5 q 5 a), both q" and q '  being negat ive .  To ensure the  same f e a t u r e  
regard ing  the t h i r d  hyperbola ,  z z ( q ) ,  we w i l l  r e q u i r e  that 

7 t  
To avoid t h i s  predicament,  on ly  one of the  c o e f f i c i e n t s  i n  f a c t  could be 
taken as zero.  One can show t h a t  a l l  t h r e e  van i sh  i f  two do so.  

c 
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The th ree  e q u i l a t e r a l  hyperbolas w i l l  then ,  i n  0 5 q 5 w run more o r  
l e s s  p a r a l l e l  t o  t h e i r  ho r i zon ta l  asymptotes. 

For a more d e t a i l e d  d e s c r i p t i o n ,  t he  coord ina tes  of the  t h r e e  
d e t e c t o r s  m u s t  be taken i n t o  account ,  as appearing i n  t he  numerators 
of the  func t ions  z;(q). Le t  us  place P, a t  the  o r i g i n ,  P, and P3 i n  
the  upper r i g h t  and the  lower l e f t  quadrants ,  r e s p e c t i v e l y  (Figure 5 ) .  
This arrangement has been found advantageous f o r  measuring h o r i z o n t a l  

X 

Figure 5 .  Detector  arrangement and coord ina tes .  

winds wi th  azimuthal angles  i n  the  remaining two quadrants .  The four  
p o s i t i v e  p o s i t i o n  parameters xo, yo, A, p are introduced f o r  p r a c t i c a l  
reasons  and a r e  l e f t  indeterminate  a t  p re sen t .  With t h e i r  a i d  the  s e t  
( 2 4 )  can  be rearranged t o  g ive  
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These he ights  a l l  ought t o  be near  a p rese l ec t ed  he igh t ,  z = h > 0, near 
which the cons tan t  wind vec to r  is  being sought.  This is e s p e c i a l l y  t r u e  
a t  the  proposed ends,  q = 0 and q = M, of the  q - i n t e r v a l .  With p o s i t i v e  
numbers D i ,  E i  no t  f a r  from u n i t y  we may the re fo re  put  

, 

A s  an  immediate consequence 

These condi t ions summarize and s p e c i f y  a l l  r e s t r i c t i o n s  placed s o  f a r  
on the  d i r e c t i o n  cos ines .  They s t i l l  leave  much room f o r  f r e e  choice.  
B u t ,  i f  they a r e  s a t i s f i e d ,  the va lues  of 24, z3, 
t i o n s  0 5 q 5 00, vary  monotonically* between hD, and hE,, hD, and hE3, 
hD5 and hE5, thus insur ing  t h a t  one is  measuring e f f e c t i v e l y  "atrr t h e  
he igh t  h. This, however, i s  no t  enough. 

c lose  t o  each o t h e r ;  i . e . ,  t h a t  the t r a v e l  pa ths  R:b, Rgc ,  Rca a r e  
reasonably s h o r t  l i n e  segments. Evalua t ion  of express ions  (16) i n  terms 
of ho r i zon ta l  winds and the q u a n t i t i e s  introduced i n  the  meantime y i e l d s  

* z9: 5 ,  f o r  a l l  wind d i r e c -  

One m u s t  a l s o  s e e  t o  i t  that ,  near h e i g h t  h ,  the  th ree  beams a r e  
9; 

(p + 1)Yo Ifc == 
'I+ly!b+q 
A + 1  D 3  

*This can be seen  by consul t ing  the d i f f e r e n t i a l  q u o t i e n t s  dzi/dq. 
is  a l s o  evident  from the course of a hyperbola  near  i t s  h o r i z o n t a l  
asymptote. 
22 
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where v s tands  f o r  yolxo: 

YO 

xO 

v = -  

These r e s u l t s  i n d i c a t e  t h a t ,  even though the  D and E are a l l  t o  be chosen 
c lose  t o  u n i t y ,  one must s e l e c t  them such t h a t  

More condi t ions  f o r  the  r e l a t i o n s h i p  of d i r e c t i o n  cos ines  and d e t e c t o r  
l o c a t i o n s  w i l l  appear i n  s e c t i o n  VII. 

A t  t h i s  s t a t i o n  it  w i l l  merely be pointed ou t  that the d i s t ances  
(28) a t t a i n  minima f o r  c e r t a i n  values  q = qmin: 
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While a t  q = 0 and q = co the  po in t s  P* m u s t  no t  be too  f a r  apar t  t o  avoid 
phys ica l ly  prohib i ted  long t r a v e l  t imes,  the minimum d i s t ances  must n o t  
be too  s h o r t  t o  prevent  experimental  inaccurac ies  from f a l s i f y i n g  the  
outcome .* 

. 

The core  of t he  space volume t raversed  by c l o s e l y  bundled beams is  
a t r i a n g u l a r  prism wi th  (non-para l le l )  bases ,  Pi: P; P z  and P" 2 4 5  P* Pik on 
f i g u r e  4 .  Their  shape i s  not  c r i t i c a l ;  no f u r t h e r  r e s t r i c t i o n s  on 
d i r e c t i o n  cos ines  i s s u e  from p o s i t i o n  requirements f o r  t he  corners .  
The l a t t e r ' s  he igh t s  (z -coord ina tes )  a r e  approximately equal .  Computa- 
t i o n  (with v3 = 0) of the  x- and y-coordinates  as appearing i n  the  
formulas (15) r e v e a l s  t h a t  they a l l  can be w r i t t e n  i n  terms of zz ,  2 3 ,  
z'1'. 
5' 

Although these  coordinates  depend on q ( i . e . ,  on wind d i r e c t i o n ) ,  they 
o r d i n a r i l y  would not vary very  much, as the z l ( q )  remain c l o s e  t o  the  
f ixed  he ight  h. An except ion occurs i f  one wishes t o  examine a small 
space volume a t  a l a r g e  l a t e r a l  d i s t a n c e  from the  o r i g i n .  The beams 
then m u s t  be  sharp ly  inc l ined  towards the  ground causing some of the  
\ a k / ,  Ibkl, I Ck 1 t o  be l a r g e ,  perhaps much l a r g e r  than  un i ty .  I n  such 
cases  the l a t e r a l  l o c a t i o n  of the space volume cannot be adequate ly  
known beforehand, because i t  w i l l  markedly s h i f t  w i th  the  s t i l l  
undetermined wind d i r e c t i o n  p r e v a i l i n g  a t  h e i g h t  h .  By c o n t r a s t ,  i f ,  
e .g . ,  the a-beam is s e n t  up v e r t i c a l l y  (a,  = a, = 0 ) ,  one is  s u r e  t o  
measure more or  l e s s  overhead, the  corners  P'; and P z  of the  p r i s m  being 
loca ted  on the z -ax is .  The o t h e r  four  corners  remain dependent on q ,  
however. 

* 
I f  from an independent source the  wind is known as h o r i z o n t a l ,  t hese  
requirements could be re laxed  r ega rd ing  R:a, s i n c e  ~z~ i s  no t  needed 
f o r  the  determinat ion of V1 and V2. 

24 



I n  concluding t h i s  s e c t i o n  the system ( 2 0 )  w i l l  be  put  i n t o  a form 
more s u i t a b l e  f o r  t h e  argumentation in  t h e  next  one. 
employing expressions ( 2 4 )  and (26) one f i n a l l y  a r r i v e s  a t  the  
r e p r e s e n t a t i o n  

By r e p e a t e d l y  

F V 2 = C  (- --&+%-)J a b  ‘bc 

where 

The t e n  parameters xo, A, p, v, ak, bk, Ck are here  reduced t o  four :  
F, C, Qm, Qo* 

Looking a t  F i t  is  c l e a r l y  necessary t h a t  

By requirements  (27)  t h i s  r a t i o  i s  p o s i t i v e ,  so  t h a t  Q ,  and Qo m u s t  have 
t h e  s a m e  s i g n  i n  a d d i t i o n .  
has a l r e a d y  been deduced from the  physical  n e c e s s i t y  t o  have t h e  t r a v e l  
pa ths  R:b as d i f f e r e n t  from zero; see s e t  ( 3 0 ) .  The l i n e s  a and b must 
n o t  i n t e r s e c t .  

That D l / E l  should be d i f f e r e n t  from u n i t y  
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Truly important  a r e  the l as t  th ree  parameters,  as w i l l  be seen  
If they can be assigned va lues  s o  as t o  keep e r r o r  t r a n s -  s h o r t l y .  

miss ion ,  he igh t  v a r i a t i o n ,  and d e t e c t o r  d i s t ances  i n  bounds, t he  problem 
w i l l  have been so lved .  P e r t i n e n t  ana lyses  a r e  of fe red  i n  the  next  two 
s e c t i o n s .  They w i l l  show the requirements as p a r t l y  incompatible;  a 
t rade-of f  i s  unavoidable. 

The knowledge of a l l  four  parameters i s  necessary f o r  computing V, 
and V2 from the s e t  (33). 

V I I .  ERROR PROPAGATION I N  DETERMINING HORIZONTAL WINDS 

Freedom i n  the choice of the  beam arrangement is f u r t h e r  narrowed 
down by the d e s i r e  t o  minimize the  e f f e c t  of observa t iona l  e r r o r s  on 
the  wind vec tor  r e s u l t s .  For the i n v e s t i g a t i o n  t o  fo l low l e t  us ag ree  
on a p ivo ta l  t r a v e l  time of 1 second s u b j e c t  t o  a 10 percent  e r r o r  i n  
a s c e r t a i n i n g  it. The ensuing unce r t a in ty  of 2 0.1 second w i l l  be taken 
as t y p i c a l  f o r  a l l  t r a v e l  t imes.  This excludes T ' S  m a t e r i a l l y  sma l l e r  
than 1 second as suspec t  of too  g r e a t  inaccuracy.  The obse rva t iona l  
e r r o r  should remain small r e l a t i v e  t o  the  peak times." 

I f  winds up t o  k kno t s ,  i . e . ,  up t o  (approximately) 112 k m/sec,  
a r e  t o  be measured wi th  some confidence,  none of the  minimum pa th  lengths  
(31) w i l l  be allowed t o  be apprec iab ly  s h o r t e r  than 1 / 2  k m ,  s o  t h a t  not 
less than 1 second is needed f o r  the  eddies  t o  cover the  t r a v e l  d i s t a n c e  
i n  between beams. This p laces  a r e s t r i c t i o n  on d e t e c t o r  l o c a t i o n s  and 
beam d i r e c t i o n s .  Another one stems from the n e c e s s i t y  of l i m i t i n g  the  
lengths  of t h e  longes t  paths  ( a t  q = 0 and q = a) i n  order  not  t o  
o b l i t e r a t e  the  c o r r e l a t i o n .  I t  is  bound up w i t h  the  behavior  of the 
tu rbu len t  flow under observa t ion ,  and t h e r e f o r e  l e s s  d e f i n i t e  un less  
p e r t i n e n t  flow c h a r a c t e r i s t i c s  can reasonably we l l  be guessed a t .  

By the system (33) the magnitude of the wind v e c t o r  becomes 

2 
1 

-k 
Other assumptions on it  would of course a l t e r  t he  a n a l y s i s  of t h e  
p re sen t  s e c t  ion. 
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The d i r e c t i o n  of the wind i s  given by 

1 Q - Q ,  - t an  cp G q = -- 
V 1  C Qo - Q '  
- -  v2 

( 3 7 )  

No dec i s ion  can be made here  on the  (equal) s i g n s  of Q, and Qo. 
they a r e  both  p o s i t i v e  o r  both negat ive,  the condi t ion  

Whether 

is  always m e t ,  the  cons t an t  C being p o s i t i v e .  

There a r e  p r a c t i c a l  advantages in  us ing  a beam conf igu ra t ion  where 
the  mathematical  n o t a t i o n  is  T G ~  and ~g~ a r e  of equal  s i g n  (Q > 0);  

s imp le r ,  and the  records  handle more e a s i l y ,  s i n c e  the  t r a v e l  t i m e  T:, 
w i l l  as a r u l e  have the  oppos i te  s ign .  To show t h i s ,  suppose that the  
beams a r e  running such t h a t ,  i f  a t  he ight  h a h o r i z o n t a l  wind is  blowing 
w i t h  a n  azimuth i n  0 5 cp 5 go", t he  r e g i s t e r i n g  eddies  proceed from 
a t o  b (T& > 0) and from b t o  c (?i 
f e r e n t  l e v e l s  c l o s e  t o  h ) .  A t  a t h l rd  l e v e l  near  h they should move 
from a t o  c i n  a ma jo r i ty  of cases ;  b u t ,  s i n c e  i n  Figure 4 the  "pos i t ive"  
d i r e c t i o n  m was taken from c t o  a ,  2 = -v, causing T : ~  t o  be nega t ive  
(compare eFpression (5) f o r  x, as i t  would be w r i t t e n  f o r  the t r a n s i t i o n  
c - + a ) .  

> 0) (a l though a t  s l i g h t l y  d i f -  bc 

L e t  u s  then simply r e q u i r e  that 

Is t h e r e  a way of ass igning  favorable  va lues  t o  the parameters 
Q,, Q o ,  C such t h a t  v a r i a t i o n s  of k 0.1 second i n  the  T I S  have as l i t t l e  
e f f e c t  as poss ib l e  on V and cp? Those va lues  could not  be expected t o  
minimize the  e r r o r s  i n  a l l  admissible  wind v e c t o r s ;  i n  f a c t ,  they can 
ach ieve  t h a t  f o r  some d i r e c t i o n s  and s t r e n g t h s  only.  However, one may 
endeavor t o  keep the  e r r o r  w i th in  c e r t a i n  bounds, s ay  10" i n  d i r e c t i o n  
and 10% i n  s t r e n g t h .  

A s  regards  d i r e c t i o n  e r r o r s  i t  fol lows from r e l a t i o n  ( 3 7 )  t h a t  

cos2;n Q, - Q, 

C (Qo - Q)2 dQ'  
dcp = 
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Writ ing ,  f o r  s h o r t ,  

.II .L 

7" = 72, bc 7" = 71, ab  (39) 

Thus, i n  a f i r s t  approximation, t he  angle  e r r o r  engendered by the e r r o r s  
AT, and  AT^ becomes 

Since by d e f i n i t i o n  (21)  

- --P 1 
7 1  72 , 

i t  is  seen t h a t ,  a t  a f ixed  va lue  of Q ,  the  e r r o r  w i l l  i nc rease  when 
1 ~ ~ 1  o r  1 ~ ~ 1  decrease.  
times below 1 second. 

This is f u r t h e r  reason  f o r  no t  admi t t ing  t r a v e l  

The observa t iona l  e r r o r s  have been l i m i t e d  t o  2 0.1 second. Draw- 
ing on the worst  case we have the re fo re  t o  cons ider  t he  e r r o r  p o s s i b i l i t i e s  

AT, =  AT^ = t 0.1 s e c  

AT, =   AT^ = 7 0.1 s e c  

s o  t h a t  

With the  uppe r  s i g n  the e r r o r s  a r e  r e l a t i v e l y  small. Concentrat ing 
on the second p o s s i b i l i t y  we s h a l l  take e i t h e r  -rl = +1, o r  T~ = +l'k 
( the  lowest va lues  admi t ted) .  

*Negative u n i t  va lues  f o r  7, o r  z2 r e s u l t  i n  the  same e r r o r s  w i t h  the  
oppos i t e  s ign.  
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Dealing a t  f i r s t  wi th  T~ = +1 and w r i t i n g  

where 

1 +  
F1(Q) = C2(Qo - Q)2Q+ (Q - Q,) 2 9  

one is  r e s t r i c t e d  t o  the i n t e r v a l  1 5 Q 5 Q corresponding t o  T' 2 1. 
0 

Taking secondly z2 = +1, one has t o  w r i t e  

1 +  
F2(Q) = C2(QoQ( Q ) 2 :  (Q - Q,)2 

and the  r e s t r i c t i o n  Q, 5 Q S 1, as z1 2 1 here .  Note t h a t  t o  s e t  T~ = 1 
i n  express ion  ( 4 3 ) ,  one must introduce i n  i t  the  r e l a t i o n  (41). 

On d i f f e r e n t i a t i n g  the funct ions F, and F, wi th  r e spec t  t o  t h e i r  
argument Q one f i n d s  t h a t  bo th  can have maxima w i t h i n  the  r e s p e c t i v e  
Q- in t e rva l s  on condi t ion  t h a t  

i n  the f i r s t  ca se ,  C 2 2K,= 
Qo - 1 Qo + 3  

1 - Q, 34, + 1 

Qo - 1 34, + 1 
C 2 S K 2 =  i n  the second case .  

Ne i the r  the va lues  Q; and Q$ a t  which these  maxima r e s i d e ,  nor the  cor re-  
sponding maximal e r r o r s  a r e  given here ,  because,  wi th  the  r e l a t i o n s h i p  of 
Q,, Qo and C2 adopted l a t e r ,  t h e  above condi t ions  a r e  not  s a t i s f i e d .  I n  
t h e s e  circumstances the l a r g e s t  absolu te  e r r o r  occurs a t  an i n t e r v a l  
t e rmina l ;  one can show t h a t  i n  both cases  t h i s  is  Q = 1. The e r r o r s  4, 
and &+I* a r e  then equal  and amount to 
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AT, being taken as k 1/10. 
a c t u a l  error (d i f f e rences  have been t r e a t e d  as d i f f e r e n t i a l s ) .  

Notice t h a t  t h i s  is  a n  e s t ima te  only f o r  the  

Up t o  now nothing more d e f i n i t e  can be s a i d  about  the t h r e e  parameters 
than t h a t  they should s o  be s e l e c t e d  t h a t  the l a r g e s t  ang le  e r r o r  won't 
exceed 10". Fur ther  h i n t s  would be expected t o  i s sue  from a d i scuss ion  of 
the  s t r e n g t h  e r r o r s .  

W i t h  the  a i d  of r e l a t i o n  (41) logar i thmic  d i f f e r e n t i a t i o n  of expres-  
s i o n  ( 3 6 )  f o r  V y i e lds  

I f  aga in  d i f f e rences  a r e  w r i t t e n  f o r  d i f f e r e n t i a l s ,  the  r e l a t i v e  s t r e n g t h  
e r r o r  i n  terms of AT, and  AT^ is  being est imated as 

Like the  cp-error it changes s i g n  wi th  72 (and T ~ )  and a b s o l u t e l y  inc reases  
when z1 or T~ ( taken as p o s i t i v e )  decrease .  

We wish t o  determine the worst  p o s s i b l e  e r r o r s .  With t h i s  end i n  mind 
l e t  us consider va lues  of Q, and Qo such t h a t  

Then i f  -cl has the s m a l l e s t  admiss ib le  (worst)  va lue  ( T ~  = l ) ,  the t r a v e l  
time -c2 can vary  i n  

i f  7 2  is  l e f t  cons tan t  as u n i t y ,  r1 can move i n  
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It i s  adv i sab le  t o  examine f i r s t  t he  second of t he  p o s s i b i l i t i e s  
(42) : 

A t  Q = Q,, T~ can be taken as u n i t y ;  z1 can be taken s o  a t  Q = Qo. 
the  e r r g r s  a t  the  Q- in te rva l  boundaries w i l l  be w r i t t e n  as 

Hence 

I n  the  las t  express ion  r e l a t i o n  ( 4 1 )  has been p u t  t o  use aga in .  

Assuming Qo >> Q, and ]AT,]= 0.1, the  worst  terminal  e r r o r s  ( a t  
T~ = 1 and  T~ = 1, r e s p e c t i v e l y )  a r e  o f  the order  of 10 percent .  Since 
they a r e  of oppos i te  s i g n ,  the e r r o r  ze ro  occurs a t  l e a s t  once i n  
Q, 5 Q 5 Qo ( t he  observa t ion  e r r o r s  cance l l i ng  each o t h e r ) .  
Q = 1 w i t h  which both  z1 and T~ can be u n i t y  belongs t o  both the  i n t e r v a l s  
(48a) and (48b) (s tanding a t  the lower end) .  While nothing much can be 
done t o  reduce the e r r o r  a t  the  upper  end, we can see  t o  i t  t h a t  a t  Q = 1 
i t  becomes zero.  Expression (49) then y i e l d s  the  r e l a t i o n :  

The va lue  

It s i m p l i f i e s  f u r t h e r  i f  we r e q u i r e  (as  seems b e s t  t o  do) t h a t  the longes t  
t r a v e l  paths  a s soc ia t ed  wi th  T~ = 1 and T~ = 1 should be equal .  These a r e  
covered i n  Qo and 1/Q, s e c . ,  r e spec t ive ly ,  as can be seen  by the  ranges 
(48).  Thus, 

Qo = 1/Q, 

and 

C = Q,. (53) 
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A s  a consequence of these  s t i p u l a t i o n s  the worst  r e l a t i v e  e r r o r  (49)  
may now be w r i t t e n  as 

where 

- Qo + Q, 

Qm - 2 

has no r e a l  r o o t s .  

Rela t ion  (37) now a t t a i n s  the  form 

Q - Q, 
1 - QQ, 4 =  

(54)  

~ , = 1  i n Q m 5 Q  5 1  

' r 2 = Q ' t l = Q  i n 1  5 Q  5 Q  
0 

Clea r ly ,  the r e l a t i v e  e r r o r  i s  0 a t  Q = 1. No o the r  zero e r r o r  (AVIV) 
e x i s t s ,  s ince  the  equat ion 2 

and shows t h a t  q = 1 when Q = 1. That i s ,  we have decided that the  s t r e n g t h  
e r r o r  zero  e x i s t i n g  when AT, =   AT^ should occur f o r  a wind wi th  azimuth 
45" (or  225") .  

I n  the event  t h a t   AT^ = A't2 ( f i r s t  of the  p o s s i b i l i t i e s  ( 4 2 ) )  one 
f i n d s  t h a t  
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. 

I n  formula (55) the r e l a t i o n s h i p s  (52) and (53) a r e  incorporated.  The 
worst  terminal  e r r o r s  aga in  a r e  about 10 pe rcen t  w i th  Qo >> Q,, bo th  of 
the  same s i g n  t h i s  time. One can show t h a t  t h e r e  is no zero of the  
func t ion  (AVlV), i n  Q, 5 Q S Qo; however, abso lu t e  e r r o r s  l e s s  than 
those a t  the  te rmina ls  w i l l  p r e v a i l  i n  the  i n t e r i o r  of the  Q- in te rva l .  

Turning t o  the ang le  e r r o r  we no t i ce  that  the  s t i p u l a t i o n s  (52) and 
(53) can be combined t o  

s o  that, wi th  Q, < 1, 

Condit ions (44 )  a r e  v i o l a t e d ;  the  e r r o r  express ion  (45) a p p l i e s  and can 
now be  w r i t t e n  as 

I f  the l a r g e s t  dev ia t ion  permit ted is 10" - 0.175, one obta ins  an  upper 
bound f o r  Q, as wel l  as a corresponding lower bound f o r  Q,: 

1 1  3 11 

w 11 0 3  Q 5 - , Q I-= 3.67. 
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For deciding on a d e f i n i t e  va lue  f o r  Qo we r e c a l l  t h a t  the r a t i o  of 
t r a v e l  times Q f o r  a (cons tan t )  wind is  equal  t o  the  r a t i o  of t he  eddy 
t r a v e l  paths .  Thus, w i th  cp = 0, 

Since 

i s  a l ready  longer than the minimum path ,  one would not  ca re  t o  s e l e c t  Qo 
too la rge .  Table I below ( s l i d e  r u l e  computation) i s  based on 

Qo = 5. 

I f  a turbulence p a t t e r n  moving p a r a l l e l  t o  x-axis  needs 1 second t o  cover 
the  d i s t ance  between the  a- and b-beams, i t  r e q u i r e s  5 seconds f o r  the  
d i s t a n c e  between the  b- and c-beams and t h e r f o r e  i s  assumed here  t o  essen-  
t i a l l y  preserve i t s  c h a r a c t e r i s t i c s  during any 5 seconds of of obse rva t ion  
time i n  o r d e r  t o  i n su re  a well-developed covariance peak. With a speed of 
20 m/sec t h i s  corresponds t o  a 100 m s t r e t c h .  

It is important t o  keep i n  mind t h a t  Q, and Qo (corresponding t o  
cp = 90" and cp = 0")  a r e  the l i m i t s  of s e r v i c e a b l e  peak time r a t i o s .  
Observed r a t i o s  

't+: 

T 5  
bc < 1. and 
ab ab 

't+: 

T 5  
bc < 1. and 
ab ab 

ought t o  be discarded s i n c e  t h e r e  i s  susp ic ion  t h a t  they might no t  have 
been produced by a s i n g l e  wind p resen t  near  h e i g h t  h. 

For computing Table I the now p a r t i c u l a r l y  s imple and symmetric 
equat ions ( 3 3 )  a r e  a v a i l a b l e :  
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The indices  1 and 2 a r e  interchangeable  wi thout  a l t e r i n g  the  form of the  
equat ions.  It s u f f i c e s  the re fo re  t o  dea l  w i t h  the  ha l f - range  1 5 Q 5 Q 

i s  inconsequent ia l  f o r  our purpose which is  concerned wi th  r a t i o s  only: 
only;  the same abso lu te  e r r o r s  p reva i l  i n  Q, 5 Q 5 1. The va lue  of 5F 0 

V' 
t a n  cp, 2 = t a n  cp' . 

V1 Vi 
V2 - =  

The primed q u a n t i t i e s  assume that the peak times as determined by the  
records  d e v i a t e  by as much as -C_ 0.1 second from the  t r u e  t imes,  T~ and z2. 
While these  a r e  a l r e a d y  the  l a r g e s t  devia t ions  considered l i k e l y  t o  occur ,  
t he  e r r o r  s i t u a t i o n  is  s t i l l  worsened by adopt ing the  sma l l e s t  va lues ,  
z1 = 1, 7: = 1.1, as can be done i n  the above ha l f - range .  These a r e  
i m p l i c i t  i n  Table I which e x p l i c i t l y  shows the  -r2- and TL-ranges only.  

TABLE I 

Worst Expected Errors  ( Q o  = 5)  

- 
72 

5.0  

4.5 

4.0 

3.5 

3.0 

2.5 

2.0 

1 .5  

1.1 - 

4.9 

4.4 

3.9 

3.4 

2.9 

2.4 

1 . 9  

1 .4  

1 .0  

- 1 )  x 100% (v 
-9.5 

-9.6 

-9.4 

-9.3 

-9.2 

-9 .0 

-7 .8  

-5.3 

0 

cp' - cp 

1 '28' 

1 '41' 

1 '57' 

2'19' 

2'51' 

3O35' 

4'46' 

6'30' 

8'10' 

7; 

5 .1  

4 .6  

4.1 

3.6 

3 .1  

2.6 

2 . 1  

1.6 

1 .2  

- 1) x 100% (v 
-9.5 

-9.5 

-9.4 

-9.2 

-9.3 

-9.1 

-8.8 

-8.5 

-8. b 

0'56' 

1 '1' 

1'7 '  

1'10' 

1 O 2 1 '  

1'31' 

1'28' 

1'13' 

O"13' 
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The above e r r o r s  a r e  found l i t t l e  a f f e c t e d  by the  choice of Qo as 
long as Q Attempts t o  reduce them by s u b s t i t u t i n g  f o r  the  condi- 
t i o n s  (517 and (52) o the r  r e l a t i o n s  judged promising* have m e t  wi th  no 
d e c i s i v e  success ;  improvement i n  one p lace  had as a r u l e  t o  be p a i d  f o r  
by worsening elsewhere.  

2 4 .  

The e r r o r s  s h r i n k  when both  t r a v e l  times a r e  l a r g e r  than p i v o t a l .  
This r e f l e c t s  the  r e l a t i v e  smallness  of the  cons tan t  observa t ion  e r r o r  
i n  such cases and could not  be expected t o  occur i f  the  l a t t e r ,  f o r  
example, were t o  be taken as increas ing  p ropor t iona te ly  t o  observed 
peak time . 

V I I I .  EXPERIMENTAL ARRANGEMENT 

The ( r e l a t i v e l y  l a rge )  va lue  s e l e c t e d  above f o r  Qo cannot be main- 
ta ined .  It m u s t  be re laxed  i n  order  

(1) t o  keep the  D i ,  E i  c lo se  t o  u n i t y ,  

(2) t o  avoid too  sprawling a d e t e c t o r  conf igu ra t ion ,  and 

(3)  t o  secure  reasonable  t r a v e l  pa th  l eng ths .  

The peak e r r o r s  then w i l l  go up .  
i n  d i r e c t i o n  and 15 percent  i n  s t r e n g t h .  

We s h a l l  s t r i v e  t o  hold them below 20" 

It w i l l  be seen  s h o r t l y  t h a t  condi t ions  (51) and (52) need not  be 
a1 t e red .  

To inqui re  i n t o  these  po in t s  we w i l l  have t o  make use of r e l a t i o n -  
sh ips  t h a t  e x i s t  among the  p o s i t i o n  parameters A, p, v, t he  bounds Q,, 
Qo,  and the D i ,  E i .  

* 
Such condi t ions were der ived from the  s t r u c t u r e  of the  e r r o r  approxima- 
t i o n s  ( 4 3 )  and ( 4 6 ) ,  and s imilar  ones. 
w a s  s tud ied .  

Among o t h e r s  t he  case  1 < Q, < Qo 
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The f i r s t  l i n e  i n  the  s e t  (26) may be w r i t t e n  as 

YO 

hD5 
c2 - a2  = - 

Since t h e  l e f t  s i d e s  add up t o  zero,  

I n  an  analogous manner, the  second l i n e  y i e l d s  

E 3  E 5  - E, 
E5 E 3  - E, - , A + l = -  A = -  El E 5  - E 3  

E 5  E 3  - E, 
( 5 9 )  

Because A and p a r e  def ined as pos i t i ve ,  D,, D3, D5 and E,, E3, E 5  m u s t  
be i n  e i t h e r  ascending or  descending sequence. 

Again using the  f i r s t  l i n e ,  we may w r i t e  the  f i r s t  express ion  (24)  as 

Both t h e  l i n e s  (26)  help  t o  transform the  d e f i n i t i o n s  (18) f o r  A, and A, 
i n t o  

xoyo 1 1 
E 3  D 3  

A, = (A + 1 ) ( p  + 1) 7 (- - -) 
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so  t h a t  

. 

Analogous t ransformat ions  y i e l d  

Solving equat ions (60) and (61) f o r  D,/E, and D3/E3 one ob ta ins  

A + 1  1 

+ 1  1 1 +L- 
I-1 Q, 

1 +-- 
A Qo 

E3 1 + *  Q, 

By expressions (31) ,  t hese  quo t i en t s  e x e r c i s e  the  dominating in f luence  on 
the  minimum t r a v e l  paths  R:b and R g c .  
one cannot be seen a t  a g lance .  To c l a r i f y  t h i s  q u e s t i o n  w e  no te  a t  f i r s t  
t h a t  by  r e l a t i o n s  (34) and (62), 

Which one of t hese  i s  the s h o r t e r  

E 3  A + 1 C  \ .  
With the  aid of  t he  r e s u l t s  (62) and (63), 
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This r o o t  can have p o s i t i v e  va lues  smal le r  than,  l a r g e r  than,  o r  equal  
t o  uni ty .  
r a t i o s  formed wi th  

It would s t i l l  have t o  be compared t o  (more involved) analogous 

min. 

The v i r t u a l l y  i n f i n i t e  number of poss ib l e  minimum lengths  i s  d r a s t i c a l l y  
reduced i f  one l i m i t s  the  competing cases by s t i p u l a t i n g  the paths  

R:b and 
min 

as equal ,  i . e . ,  by r equ i r ing  t h a t  

min 

S u r p r i s i n g l y ,  t h i s  condition" i s  the same as w a s  found e a r l i e r  i n  demand- 
ing that the zero s t r e n g t h  e r r o r  should occur a t  Q = 1. There is  no 
reason  why the second of the  former condi t ions  should not  be adopted 
as w e l l :  

s o  t h a t  the simple r e l a t i o n  

C = Q, 

( 5 2 )  

( 5 3 )  

a g a i n  a p p l i e s .  

To keep the  minimum path lengths  d i f f e r e n t  from zero none of the  
r a t i o s  D i / E i  must be equal t o  uni ty .  On the  o the r  hand, the beams, as 
i s  requi red  of them, w i l l  be running a t  approximately the  same he igh t  i n  

It means t h a t  the  equal minimum dis tances  a r e  found between the he igh t s  
z l ( q )  and z,(q) defined by q = Q, and q = Qo (hoth of t h e s e  valGes are 
i n  0 s q s M). 
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p a r t s  i f  the D i  and E i  a r e  allowed t o  range between, say ,  0.9 and 1.1 
only.  Their r a t i o s  then move between 0.818 and 1.222 w i t h  exc lus ion  of 1. 

For a more d e t a i l e d  i n v e s t i g a t i o n  take 

t o  s ta r t  with.  The f i r s t  of the  expressions (62) coupled wi th  condi t ion  
(52) then y i e l d s  

With p > 0 (as w a s  agreed upon) the  r i g h t  s i d e  must be p o s i t i v e :  

1 > QZ - 1. 

From Figure 5,  

s o  t h a t  Qo = 5 would r e q u i r e  a n  uncomfortably l a r g e  va lue  f o r  t h i s  r a t i o  
of P3, P2-coordinates.  

I n  the same way, when l i m i t i n g  D,/E, t o  a n  upper bound of 1 .2 ,  we 
ob t a i n  the f u r  t he r  condi t ion  

. 

I f  we t e n t a t i v e l y  in t roduce  the  va lues  Qo = 2 (Q, = 112) and 1 / A  = 5 
compatible wi th  the  unequal i ty  (65) ,  the q u a n t i t y  p = -y2/y3, accord ing  
t o  i n e q u a l i t i e s  (64) and (66) ,  should be taken ou t  of t h e  range 2 < 1-1 < 6. 
Let  u s  s e l e c t  p = 4. 
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Before proceeding f u r t h e r ,  it i s  adv i sab le  t o  probe i n t o  the (approxi- 
mate) e r r o r  peaks t o  be expected when using the  much lowered va lue  of Qo. 

Regarding the  angle  e r r o r  ,* 

This corresponds t o  1 7 O 1 1 '  . 
It s u f f i c e s  t o  compute t h e  worst s t r e n g t h  e r r o r s  a t  Q = Qo. With 

/AT,[ = 0.1 and z1 = 1 expressions (50) and (56) g ive  

This appears  bea rab le .  A t ab l e  conta in ing  more accu ra t e  e r r o r  
r e s u l t s  i s  suppl ied  a t  t he  end of the s e c t i o n .  

Based on Qo = 2, A = 115 ,  p = 4 ,  

2x 
0 . 0 2 5 6 ~  = %*,j . 0 

min 0 min 35 zis 

;k 
Condit ions ( 4 4 )  a r e  not  s a t i s f i e d , a s  they were not  wi th  Qo = 5 .  

-1. -1. 
m. 

,. ,. 
IU colliply w i t h  t h e  l a t e r  Table 11, we have taken he re  AT, = 0.1,  
AT, = -0.1. . 
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The f a c t o r  of xo would inc rease  (as  one might d e s i r e ) ,  were the  parameter 
p t o  be taken a s  5, f o r  ins tance ;  b u t  then the t h i r d  d i s t ance ,  

would become markedly s h o r t e r .  For c a l c u l a t i n g  i t  we have t o  use the 
q u a n t i  t y 

where C = Q, = 1/2 ;  D3/E3 i s  found from the  second of the  expressions (62) .  
With the  sma l l e s t  admitted va lue ,  9/11 = 0.818, f o r  D5/E5 one ob ta ins  

-1. 

= 0.0252xo, R i a  I min 

which va lue  increases  t o  t h a t  of 

on r e l ax ing  D,/E, t o  0.816. 

A wind of 20 m/sec (= 40 knots )  then covers a minimum d i s t a n c e  i n  
one second (smal les t  t r a v e l  time permi t ted)  i f  

x = 780 m. 
0 

(Lesser winds r equ i r e  p ropor t iona te ly  l e s s . )  Hence, the d e t e c t o r  coordin- 
a t e s  must be chosen as 

P,: XI = 0 ,  y 1  = 0 ,  

p2: 

P3: 

x2 = -h0 = -156 m y  y2  - - pvx0 = 356.7 m ,  

- x3 = xo = 780 m ,  y3 - -vxo = -89.1 m. 
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These f i g u r e s  r e p r e s e n t  t he  most compact d e t e c t o r  conf igu ra t ion  that can 
be obtained wi th  the  va lues  chosen for  Qo, A and p, i f  winds up t o  40 knots  
a r e  t o  be measured r e l i a b l y .  

A check i n t o  the longes t  pa ths  ( a t  q = 0 and q = M) with  the  a i d  of  
expressions (28) r evea l s  t h a t  a l l  beam d i s t ances  remain below 44.6 m y  
except  the d i s t a n c e  RZa which drops from 143.5 m a t  cp = 0 (q = 0) t o  
47.2 m a t  cp = 7 "  (q = 0.123)  and continues down t o  the  minimum. The 
r e l a t i v e l y  long c-a-paths may sometimes cause d i f f i c u l t i e s  i n  covariance 
peak d e f i n i t i o n ,  b u t  on t he  vhole the beams appear r u n n h g  s u f f i c i e n t l y  
c lose  i n  the reg ion  proposed f o r  measurement. 

I f  the actual eddies  a r e  suspected t o  be very  s i z a b l e ,  one might 
wish t o  inc rease  t h e  minimum d i s t ance  t o  avoid spur ious  o r  untrustworthy 
c o r r e l a t i o n  maxima. The d e t e c t o r s  must  then be loca ted  f a r t h e r  apar t  
than above. 

It w i l l  be noted t h a t  the  observat ion h e i g h t  h does no t  d i r e c t l y  
.L 

e n t e r  i n t o  the de te rmina t ion  of the  d e t e c t o r  coord ina tes . "  However, 
according t o  s e t  ( 2 6 ) ,  i t  a f f e c t s  the c a l c u l a t i o n  of the  beam d i r e c -  
t i o n s  which a l s o  depends on the  q u a n t i t i e s  D i  and E i .  

The small va lue  assigned t o  the r a t i o  D5/E5 sugges ts  using the 
lowest  poss ib l e  f i g u r e  f o r  D,. I f  we p u t  

J-.L 

E, = 1.102."" 

The r e s t  of the D i  and E i  i s  found in  a more cumbersome way. 
b in ing  expressions ( 5 8 )  through (61), one obta ins  the  expressions 

By com- 

-1, 

An i n d i r e c t  in f luence  w i l l  be recognized l a t e r .  

.LA* 
A ,. 

This f i g u r e ,  s l i g h t l y  l a r g e r  t h a n  the  admitted va lue  1.1, a r i s e s  
through adopt ing the  r a t i o  0.816 ins tead  of 0.818. 
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A f t e r  applying the second of r e l a t i o n s  (63) and so lv ing  f o r  

c D5 - -  
v E 5  

Q, 
1 - -  

Qo 

C D 5  1 '  
v E 5  

one uses  expressions (58) and (59) t o  ob ta in  

D 1  = P 5 6  E l  = M ~ E  

With the  parameter va lues  chosen s o  f a r ,  

10.71 
10.28 ' 2.57 

E = -  3 E = -  

D 1 = m -  2 ' 7  - 1.051 1.89 
2.056 E,  = - = 0.92 

5.67 
5.312 

D3=-= E3 = - = 1.068 1.017 
13.28 

D 5  = 0.9 E 5  = 1.102. 

The D ' s  and E ' s  a r e  i n  descending and ascending sequence, r e s p e c t i v e l y .  

. 
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These r e s u l t s  imply t h a t  we have t o  r e q u i r e  wind constancy from 0.9 h 
t o  1.05 h a t  cp = 0, and from 0.92 h to  1.1 h a t  cp = 9 0 " .  
requirements a r e  l e s s .  
i nc reases  from cp = 0 on and a c t u a l l y  i n t e r s e c t  a t  one value'k of q = t a n  9; 
f o r  i t ,  P'z, P:, P; l i e  on the  same hor i zon ta l  l i n e ,  render ing  the  r equ i r ed  
l a y e r  thickness  zero.  
d i s t a n c e  of 0.18 h a t  cp = 90". 

I n  between the  
The th ree  hyperbolas z t ( q )  approach each o the r  as cp 

Fur ther  increase of cp widens the  t r a c e s  up t o  the  

If one intends t o  measure a t  a la rge  he igh t ,  the  v e r t i c a l  l aye r  near  
t he  ;-terminals may be judged too  extended f o r  t he  winds t o  be cons tan t  i n .  
I n  such a predicament,  one would c a l c u l a t e  the  s t r e t c h ,  q, s q 5 q, of 
the  z2-curves i n  which they can be considered s u f f i c i e n t l y  c lose .  
would exclude the  measurement of winds blowing i n  a c e r t a i n  range of a z i -  
muths near  cp = 0 and cp = 90". 
Q 2  < Qo, obeying the r e l a t i o n  

This 

Mathematically,  new Q- termina ls ,  Q l  > Q,, 

would be  introduced,  causing a c u r t a i l i n g  of the admiss ib le  7 - r a t io s  and 
t h e r e f o r e  of measurable wind d i r e c t i o n s .  I f  t h i s  is undes i rab le ,  one 
would h a v e ' t o  keep the  D i  and E i  c loser  t o  u n i t y  than  before  wi th  the  
consequence of a more sprawling de tec to r  l ayou t ,  e s p e c i a l l y  s i n c e ,  i n  
a d d i t i o n ,  higher  up one should have t o  a l low f o r  s t rong  winds. 

I f  we p l an  t o  use the d e t e c t o r  l oca t ions  as g iven  above f o r  measure- 
ment a t  h = 100 m, wind vec to r  constancy i s  requi red  a t  most from 8 m 
below t o  10 m above h (when cp = g o " ) ,  and from 10 m below t o  5 m above 
(when cp = 0 " ) .  Assuming t h i s  as warranted we can proceed t o  f i n d  the  
beam d i r e c t i o n s .  

The system (57) f o r  computing a2,  b,, c 2  is  underdetermined, s i n c e  
t h e r e  i s  a l i n e a r  r e l a t i o n s h i p  of 
equa t ion  must be l e f t  ou t .  There 
unknowns, say  a2  = a2/a3. Thus 

4 x 8 9  - - f32 a2 b 2 -  - = - -  
83 a, 100 x 1.05 

the l e f t  s i d e s .  
i s  s t i l l  freedom i n  choosing one of t he  

A s  a consequence, one 

a2 - - 3 . 3 9  
a3 

a2 89 = - +  0.99. 
ys Q3 + 100 x 0 .9  a, 
Y2 a2 

c 2 =  - = -  

7k 
This  is  q = 0.275, corresponding t o  z" = 1.035 h.  i 
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I n  the  same way, the  second l i n e  (26) g ives  

Y1 X 0 a1 
c 1 = - =  a l - K = z -  7.08. 

Y3 

Together wi th  the  o r thogona l i ty  condi t ions  (1s = 1, etc . )  , t hese  

expressions determine B and once is chosen. Take, f o r  example, 

1 

- 

6 
7 (64.6"),  a, = - (31"). 2 3 

a2 = - 7 a3 = 7 (73.4") ,  

Then, 

(78.8'), Bz = - - (111.5") ,  - - - 2:;; (24.3") 
1 

83 = 5.16 5.16 

2.49 (59.4") ,  Y l = - -  4*08 (146.7'). 1 
Y3 = 4.88 (78.2"),  Y2 = 4.88 

The f igu res  i n  parentheses  g ive  the  angles  made by the  t h r e e  beams w i t h  
the  p o s i t i v e  coord ina te  axes .  Those wi th  the z-axis  a r e  r a t h e r  l a r g e ;  
the  beams have r e l a t i v e l y  low i n c l i n a t i o n s  towards the  ground plane.  
When they approach each o t h e r  i n  the reg ion  of i n t e r e s t ,  many of t h e i r  
ho r i zon ta l  connections can t h e r e f o r e  run approximately a t  the same 
he igh t  ( those wi th  d i r e c t i o n s  i n  0 5 q 5 a). 

Fla tness  of a t  l e a s t  two beam courses  i s  r equ i r ed  a t  any he igh t  one 
wishes t o  explore .  I f  it is  l a r g e ,  the  d e t e c t o r s  w i l l  have t o  be placed 
widely apart ,  or e l s e  one must be conten t  t o  monitor a sma l l e r  s e c t o r  of 
the  rose .  ( I t  w i l l  be  remembered t h a t  covariance peaks could o r i g i n a t e  
through unrelated winds and t h a t ,  i n  o rde r  t o  minimize t h a t  danger,  one 
has t o  force  the  beams i n t o  c l o s e  neighborhood near  h S O  t h a t  the atmos- 
phe r i c  motion the re  can be considered uniform. ) 

Actual a n a l y s i s  e r r o r s  encountered w i t h  Qo = 2 a r e  g iven  i n  Table I1 
which aga in  is based on T~ = 1, 2'1 = 1.1 and i s  computed only f o r  
1 5 Q 5 Qo = 2. It  is  assumed as before  t h a t  t he  wors t  obse rva t iona l  
e r r o r s  i n  T~ a r e  rt 0.1 second. Observed t r a v e l  time r a t i o s  T 2 / T l  > 2 
and < 1 1 2  ought t o  be discarded on susp ic ion  they might n o t  be r e l a t e d  
t o  a s i n g l e  wind blowing near the  h e i g h t  h = 100 m. 

t 

. 
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TABLE I1 

Worst Expected Errors  w i th  Qo = 2 

1 .3  

1.1 

. 

1.2 - 7.6 

1.0 0 

1 VI 
T2 72 (7 - 1) x 100% 

14.0" 

16.2" 

-13.3 

- 1 2 . 1  

1 .4  

1 .2  

-10.4 1 . 9 "  

-10.0 

- 9 .0  

- 8.9 

2.0" 

1 .6"  

0.7" 

These e r r o r s  reduce wi th  slower winds, i . e . ,  wi th  l a r g e r  va lues  of 
t he  7 ' s .  A wind h a l f  t he  s t r e n g t h  of t h a t  i n  Table I1 would (with 
T~ = 4 )  be s u b j e c t  t o  a l a r g e s t  e r r o r  ( incurred wi th   AT^ = 0.1,   AT^ = -0.1) 
of -7% i n  s t r e n g t h  and 3" i n  d i r e c t i o n ,  as compared t o  -13.3% and 6.4" ,  
r e s p e c t i v e l y .  I n  l i k e  circumstances t h e  l a r g e  f i g u r e  4 = 16.2" on the  
l as t  l i n e  would reduce t o  4 = 8.2". 

= 2, 

I n  g e n e r a l ,  i f  one decides  no t  t o  u s e  observed t r a v e l  times below, 
say ,  2 seconds ( in s t ead  of 1 second),  the  requirements f o r  the exper i -  
mental  arrangement w i l l  be l e s s  s t r i n g e n t  under the  assumption made i n  
the  p re sen t  r e p o r t  of an  observa t iona l  e r r o r  lAzl 5 0.1 second. 
l ayou t  can be modified accord ingly .  The one descr ibed here  is b u t  one 
example; o t h e r s  can be constructed fol lowing the  same gu ide l ines  wi th  
s h i f t e d  accen t s  o r  a l t e r e d  assumptions. A simple case i n  ques t ion  is  t o  
s e l e c t  a d i f f e r e n t  f r e e  beam d i r e c t i o n .  

The 

I X .  CONCLUDING REMARKS 

Of the  many parameters en ter ing  the  problem only two remained 
a r b i t r a r y  a t  the  end, both d i r e c t i o n  cos ines .  Perhaps use could be made 
of  t he  d i s c r e t i o n  thus given t o  us t o  forge  a l i n k  wi th  a f o u r t h  beam 
des t ined  e i t h e r  t o  widen the  range of azimuths measurable a t  one s i t t i n g  
o r  t o  explore  winds a t  a d i f f e r e n t  he igh t  s imultaneously ( four -de tec tor  
arrangement) .  S i m i l a r  a i m s  could be pursued by u t i l i z i n g  e x i s t i n g  m u l t i p l e  
d e t e c t o r s  that r ece ive  l i g h t  from seve ra l  d i r e c t i o n s  ( r e s id ing  i n  one p lane ,  
u u w e v e L ,  w i t h  p re sen t  YCTS i cns ) .  1_ - - - - - - - - 
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I f  general  (non-horizontal)  winds a r e  t o  be d e t e c t e d , t h e  mathematics 

They w i l l  depend on two v a r i a b l e s  (q = v2/v1 
a r e  considerably more involved. 
i nc rease  from th ree  t o  s i x .  
and p = v3/v1) and thus desc r ibe  s i x  su r faces  ins tead  of t he  t h r e e  r e l a -  
t i v e l y  s i m p l e  hyperbol ic  l i n e s .  
have t o  be spen t  i n  so lv ing  the  problem. It might be p r e f e r a b l e  t o  a t  
f i r s t  dea l  w i th  winds, ou t s ide  of storm clouds f o r  example, that a r e  
predominantly ver t ica l  r a t h e r  than  h o r i z o n t a l .  

The number of he igh t  func t ions  z z  w i l l  

A r a t h e r  l a r g e  e f f o r t  undoubtedly w i l l  

Detectors  mounted on a plane o r  s a t e l l i t e  f l y i n g  a t  cons t an t  veloc-  
i t y  present  d i f f e r e n t  complicat ions.  Mathematically,  two G a l i l e i  systems 
moving r e l a t i v e  t o  each o the r  a r e  necessary f o r  the  d e s c r i p t i o n ;  phys i ca l ly ,  
the l imi ted  choice of d e t e c t o r  pos i t i ons  hampers the freedom i n  a d j u s t i n g  
the  parameters xo, A, p, v t o  meet given requirements .  Some of them 
probably w i l l  have t o  be r e l axed .  Which t o  s e l e c t  and how f a r  t o  y i e l d  
w i l l  have t o  be discussed i n  the  course of l a t e r  work. 
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